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We study the universal scaling behavior of the entanglement entropy of critical theories in 2 + 1
dimensions. We specially consider two fermionic scale-invariant models, free massless Dirac fermions
and a model of fermions with quadratic band touching, and numerically study the two-cylinder en-
tanglement entropy of the models on the torus. We find that in both cases the entanglement entropy
satisfies the area law and has the subleading term which is a scaling function of the aspect ratios of
the cylindrical regions. We test the scaling of entanglement in both the free fermion models using
three possible scaling functions for the subleading term derived from a) the quasi-one-dimensional
conformal field theory, b) the bosonic quantum Lifshitz model, and c) the holographic AdS/CFT
correspondence. For the later case we construct an analytic scaling function using holography, ap-
propriate for critical theories with a gravitational dual description. We find that the subleading term
in the fermionic models is well described, for a range of aspect ratios, by the scaling form derived
from the quantum Lifshitz model as well as that derived using the AdS/CFT correspondence (in
this case only for the Dirac model). For the case where the fermionic models are placed on a square
torus we find the fit to the different scaling forms is in agreement to surprisingly high precision.
I. INTRODUCTION
The von Neumann entanglement entropy (EE) has
proven to be a useful tool to diagnose and characterize
strongly coupled field theories and condensed matter sys-
tems such as the topologically ordered phases and quan-
tum critical systems. The von Neumann EE SvN in a
massive phase is well understood and it has been shown
to satisfy an area law, SvN = α
(
`

)d−1
, where d is the
dimension of space, ` is the linear size of the region A be-
ing observed, and α is a non-universal (cutoff-dependent)
constant.1–3 The EE of massless and in generally scale-
invariant field theories in spatial dimensions d > 1 is also
expected to obey the area law since it reflects the short-
range entanglement generally present in the ground-state
wave functions of these local field theories. This expecta-
tion is confirmed by the general result derived from the
AdS/CFT correspondence in relativistic scale-invariant
theories,4 in calculations in free-field theories,5 and in
many models in condensed matter physics in one and
two spatial dimensions.6–8
A rather special situation occurs in one-dimensional
quantum critical systems and 1 + 1-dimensional confor-
mal field theories (CFT), where it was shown that the von
Neumann EE of a subregion A of a partition A∪B has the
universal form9–12 SvN =
c
3 log
`
 , where c is the central
charge of the CFT,  is the short-distance cutoff, and ` is
the length of a large subregion A (provided   `  L,
where L is the linear size of the system). Although for-
mally this logarithmic scaling law is consistent with the
formal d→ 1 limit of the area law, it represents the long-
range entanglement properties of 1+1-dimensional CFTs
instead of the short-ranged entanglement reflected in the
area law for d > 1. Finite sub-leading contributions (as a
function of the size of the region) to the EE (in the form
of multi-region partitions, mutual information and en-
tanglement negativity) are also known to be determined
by the structure of the CFTs and reflect the structure
of the large-scale entanglement encoded in their ground
state wave functions.13–16
Large-scale entanglement is expected to be found in
topological phases of matter (described by topological
field theories) and in scale-invariant field theories (which
are at a fixed point of the renormalization group). In the
cases of topological phases and topological quantum field
theories in two spatial dimensions, the EE was shown to
obey the scaling law SvN = α
`
 − γtopo, where α is non-
universal and ` is the linear size of the macroscopic subre-
gion A, and for a topologically-trivial simply-connected
entangling region with smooth boundary γtopo = lnD
where D is the effective quantum dimension of the under-
lying topological field theory,17,18 which is a topological
invariant. In fact, in d = 2 spatial dimensions, the von-
Neumann EE and the Re´nyi EEs have a rich structure
since they also depend on the topology of the entangling
regions and, for non-trivial topologies, γtopo depends on
the full structure of the topological field theory and not
just on the effective quantum dimension.19 This scaling
law (and its generalizations) has been verified in many
systems including fractional quantum Hall fluids,20–22
topological phases of quantum dimer models23–25 and the
related Kitaev’s Toric Code model18,26–28 (equivalent to
the Z2 gauge theory deep in its deconfined phase), and
in chiral spin liquid phases of d = 2 frustrated quantum
antiferromagnets.29
Much less is known about the scaling of EE in scale-
invariant systems in d > 1. Dimensional analysis and
locality of the field theory suggest that that for scale-
invariant systems in d = 2 space dimensions with an
entangling region with a smooth boundary, the EE again
has the same form, SvN = α
(
`
a
) − γ, where the leading
correction to the area law (perimeter in this case) is a
finite term γ. The finite term is expected to be scale-
invariant which, in general may be a universal function
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2of the aspect ratios of the entangling region.30,31
This finite term has been computed explicitly in sev-
eral cases but its general properties are not understood.
In the case of the quantum Lifshitz model (QLM) it was
computed by several authors.25,32–35 The QLM is a scalar
field theory in d = 2 spatial dimensions with dynamical
exponent z = 2 (and hence not Lorentz invariant) which
is the effective field theory of generalized quantum dimer
models at their quantum critical points.36,37 Of particu-
lar interest to us is a result of Ref.[38] who gave a full
expression of the finite universal subleading term of the
EE of the QLM for cylindrical entangling sections of a
torus in the form of a scaling function of the aspect ra-
tios of the cylinder.
There has been great progress in understanding of scal-
ing of the von Neumann EEs for entangling regions with
the shape of a disk in 2 + 1-dimensional relativistic con-
formal field theories.31,39 The result has the same form
as the EEs found in the QLM. In this context, in the lit-
erature the constant term is called F (see, e.g. Ref.[40]).
Casini et al.41 have provided a proof in arbitrary dimen-
sions of the holographic entanglement entropy ansatz of
Ryu and Takayanagi4 for the case of spherical entangling
regions. In 2 + 1 dimensions this result shows that the
finite part of the entanglement entropy of a disk with
a smooth boundary is universal at a CFT. Additionally
it was shown in42 that, when appropriately defined, this
finite part of the EE decreases under relevant pertur-
bations of the CFT (and hence obeys a “c-theorem”.)
Earlier results have given explicit values of F for a disk
for a free massless scalar field in 2+1 dimensions.39,43 In
the case of the CFT of an interacting scalar field at its
non-trivial Wilson-Fisher (IR) fixed point, it is known
for the case of a spatial split cylinder but only within
the 1/N and 4 − d = -expansions,44 and the extrapo-
lation to 2 + 1 dimensions is presently not understood.
On the other hand, logarithmic contributions to the EE
are found when the entangling region has cusp-like con-
ical singularities,31 are also found in the z = 2 quan-
tum Lifshitz model,30,45–47 and at the quantum critical
point of the (z = 1) two-dimensional transverse field Ising
model,48 as well as in broken symmetry states with Gold-
stone bosons.49–51
Quantum Monte Carlo simulations have been used re-
cently to compute the Re´nyi entropy S2 for several model
wave functions of interest in condensed matter physics.52
Ste´phan and coworkers38 investigated the scaling of S2 in
cylindrical sections of a torus for the case of resonating-
valence-bond (RVB) wave functions and for the wave
functions of quantum dimer models on the square lattice.
They also derived an explicit expression for the sublead-
ing term in the context of the QLM (which is believed
to describe the continuum limit of these critical states),
which is a universal scaling function of the aspect ratios
of the cylinder. As expected, in the case of the quantum
dimer model on the square lattice, the finite subleading
term (for cylinders with aspect ratio 1) extracted from
their Monte Carlo results is clearly well fit by the uni-
versal scaling function deduced from the QLM. In a sep-
arate study,48 this group also investigated the scaling of
the Re´nyi entropy S2 at the quantum critical point of the
two-dimensional Ising model in a transverse field. This
system, which is in the same universality class as the clas-
sical three-dimensional Ising model, is Lorentz-Invariant
at the quantum critical point, where it is described by
an interacting one-component relativistic real scalar field
theory at its Wilson-Fisher (IR) fixed point. Remarkably,
these authors find that the numerically obtained Re´nyi
entropy S2 is also well fitted (within a precision of a frac-
tion of 1%) by the same scaling function derived from
the QLM. This is quite unexpected since the QLM has
dynamical exponent z = 2 and a global U(1) symmetry
whereas the quantum Ising model has a Z2 global sym-
metry and dynamical scaling exponent z = 1 at the crit-
icality. This apparent agreement is quite puzzling since
these different universality classes are described by fixed
points with very different scaling behaviors.
In this paper we re-examine the problem of the scal-
ing of entanglement in two spatial dimensions using two
different approaches. Firstly we consider a class of theo-
ries with relativistic critical points (CFTs) that have the
property that they are dual to a gravitational like theory
in one higher dimensions, via the holographic duality. In
this case the Ryu-Takayanagi ansatz can be used to de-
rive an explicit expression for the von Neumann EE for
cylindrical sections of the torus by mapping the problem
to a minimal surface computation in the anti-de Sitter
(AdS) geometry (more precisely, we consider the AdS
soliton geometry in order to have the torus topology on
the boundary). Our result has a leading area law term
and a finite sub-leading term which is a function of the as-
pect ratio of the cylindrical region that is being observed.
We argue that in the “thin slice” limit, the pre-factor of
the finite term is analogous to a central charge and is
intrinsic to the 2 + 1-dimensional CFT, giving a rough
measure of the number of degrees of freedom in the the-
ory. We will then use this “central charge” to rescale
the finite sub-leading term, thus allowing comparison of
the functional dependence of the sub-leading term across
different theories.
Next we examined two simple free fermion field the-
ories in 2 + 1 dimensions where the different proposals
for the scaling of entanglement can be tested directly.
The first model is a theory of free Dirac fermions. In
this case we used a lattice regularization in the form
of spinless fermions on a square lattice with flux pi per
plaquette, which is a discretization of the Dirac fermion
known as the Kogut-Susskind fermion.53 In two spatial
dimensions, the low-energy limit of this model is equiv-
alent to the two species (or “valleys”) of massless Dirac
fermions with opposite parity,54 analogous to the case
of graphene.55 All local perturbations of this system are
irrelevant operators and this is an infrared stable fixed
point of the renormalization group. However, on a cylin-
der of finite radius this system behaves asymptotically
as a system of free Dirac fermions in 1 + 1 dimensions
3which is a CFT. The second free fermion model we con-
sidered is a system of fermions with two bands with a
symmetry-protected quadratic band touching (QBT).56
In the low-energy limit, this system is equivalent to a the-
ory of massless Dirac spinors with a quadratic dispersion
and hence has the dynamical exponent z = 2. In contrast
to the massless Dirac fermion, this massless “Lifshitz-
Dirac” fermion is an infrared unstable fixed point of the
renormalization group and, in fact, all four-fermion op-
erators are marginally relevant perturbations. Contrary
to the case of free Dirac fermions, the QBT model on a
cylinder of finite radius is not a 1 + 1-dimensional CFT
and has instead ultra-local correlations. Therefore the
two fixed point theories have quite different dynamical
properties. Since they are free-field theories, the EE can
be computed explicitly with great accuracy57 where the
different proposals can be tested.
The QBT model is also interesting in that it has a
finite density of states (DOS) at low energies (while in
the relativistic Dirac fermion case the DOS scales lin-
early with the energy). In this sense, the QBT model
is reminiscent of the problem of fermions at finite den-
sity which has a finite DOS at the Fermi surface. In
this case, it is known58–63 that the von Neumann EE
has a logarithmic violation of the area law of the form
SE = α(
lA
 )
d−1 log lA , where the prefactor α has been
argued to be essentially universal provided the scale  is
determined by the size of the Fermi surface (see, however,
the numerical results of Ref.[64]). This result may sug-
gest that the finite DOS of a Fermi liquid at the Fermi
surface may be the origin of the logarithmic violation
of the area law, and that systems with a finite DOS at
asymptotically low energies may also obey a similar scal-
ing law. We will see, however, here that this is not the
case.
Keeping the differences in mind, we studied the two-
cylinder EEs of both fermionic models by computing the
EEs of the cylinder explicitly (albeit numerically). In
spite of the differences in physics, we find that the EEs
of the models satisfy the area law and, in particular in the
case of the QBT, we do not find any logarithmic violation
of entanglement scaling from the area law. We further
study the scaling behavior of the subleading term in the
EEs. In the case of massless Dirac fermions we find that
although the expression derived from the QLM fits well
with surprising accuracy, the holographic entropy result
for the cylinder appears to be essentially exact. In the
case of the QBT the finite subleading term in the EE
is accurately fitted by the expression derived from the
QLM.
The rest of this paper is organized as following. In the
section II, we introduce and explain the three possible
scaling functions which will be tested in two free fermion
models, namely a free Dirac fermion model and a QBT
model. In the section III, we will explain, based on the
asymptotic behaviors of equal-time two-point correlators,
why the EE of the QBT cannot have any logarithmic vi-
olation of the area law. In the section IV, we numerically
calculate the EE of the two fermion models and test the
three scaling functions proposed in the section II. In the
section V, we summarize our results and conclude that
there is a universal scaling function of the subleading
term of the EEs for the critical systems.
II. ENTANGLEMENT ENTROPY SCALING
FUNCTIONS
In this paper we will discuss three possible EE scal-
ing functions for scale-invariant systems in d = 2 space
dimensions. We will restrict ourselves to the EE of two
cylinders A and B obtained from a partition of a torus.
The scaling functions enter as scale-invariant finite cor-
rections of the leading, area law, term of the von Neu-
mann and Re´nyi entropies. They are: a) a quasi-1D
scaling function, b) the quantum Lifshitz model scaling
function, and c) a holographic scaling function (which we
derive here using the AdS/CFT correspondence).
Different geometries of bipartition may give rise to
different subleading terms with different structure. For
instance, both numerical and analytical calculations on
2+1-dimensional critical models show that there is a sub-
leading term correction if the boundary of the subregion
A is not smooth.34,46 The corner will give rise to the log-
arithmic term in the EE with the coefficient proportional
to the low-energy degrees of freedom.46–48 Even for the
smooth boundary, the curvature on the subregion A may
also lead to the logarithmic correction.30 In this paper,
to avoid both the corner and the curvature corrections,
we consider the torus geometry and bipartition the torus
into two cylinders with a smooth boundary and calculate
the two-cylinder entropy as shown in Fig. 1.
L
B A B Ly
A
Lx
B
A
FIG. 1. The torus is divided into two cylinders A and B with
size LA × Ly and (Lx − LA)× Ly.
A. Quasi-1D Entanglement Scaling Function
This scaling function was introduced heuristically by
Ju and coworkers.51 It assumes that in the thin torus
limit, Ly  Lx (see Fig.1), the effectively quasi-
one-dimensional system should approximate a 1 + 1-
dimensional CFT. The posited form of the von Neumann
4EE is51 (up to a non-universal additive constant)
SvN = αLy + β log sin(piu) (2.1)
where u = LA/Lx. Here α is a non-universal coefficient
and β is universal.
B. Quantum Lifshitz Entanglement Scaling
Function
This scaling function was derived from the QLM by
Stephan and coworkers,38 who tested it in the quantum
dimer model (on the square lattice) and in the two-
dimensional Ising model in a transverse field.48 For a
torus with aspect ratio Ly/Lx, the von Neumann EE
is
SvN = αLy + βJ(u) (2.2)
where J(u) is given by38
J(u) = log
(
λ
2
η(τ)2
θ3(λτ)θ3(τ/λ)
θ3(λuτ)θ3(λ(1− u)τ)
η(2uτ)η(2(1− u)τ)
)
(2.3)
where θ3(z) is the Jacobi theta-function, η(z) is the
Dedekind eta-function, τ = iLx/Ly is the modulus of
the torus, and λ is a parameter. For the case of the
quantum dimer model at its Rokhsar-Kivelson quantum
critical point the parameter is λ = 2. In this paper we
will test this scaling function in two free fermion models
in 2 + 1-dimensions and use λ as a fitting parameter. As
we will see this scaling function works surprisingly well
even in relativistic systems.
C. Holographic Relativistic Entanglement Entropy
To get a handle on the surprising universality of the
scaling function J(u) we now turn to another set of
quantum systems whose EE can be efficiently calculated,
i.e., strongly-interacting relativistic (with dynamical ex-
ponent z = 1) quantum field theories which are described
by a weakly-coupled dual gravity theory. There is a large
class of such examples and we will concentrate on a sub-
set which can be effectively described by (rather, trun-
cated to) AdS gravity in 3 + 1 dimensions. Since J(u) is
defined on a torus geometry, we must pick the appropri-
ate solution to Einstein’s equations with torus boundary
topology (in the spatial directions). This is the AdS soli-
ton metric.65,66 There are actually two possible metrics
that we can use, depending on which torus direction (x or
y) we allow to contract in the bulk - picking the smallest
direction describes the ground state of the system.
The EE is sensitive to which cycle of the torus con-
tracts because the cut is always along the y-direction.
We will study both cases in detail. In the case where
Ly < Lx and the y-cycle contracts one finds that the
EE saturates for large enough LA (but still smaller com-
pared to Lx) - this can be understood by taking the thin
torus limit Ly  Lx where it is clear that the saturation
indicates the effective low energy 1 + 1-dimensional the-
ory is gapped. The reason for this can be traced to the
anti-periodic boundary conditions for fermions around
the torus cycles, which is forced upon us just by the fact
that we allow such gravitational solutions with contract-
ing spatial cycles65. Periodic boundary conditions could
also be studied, however this presumably would involve
more stringy ingredients (for example the application of
T-duality to the contracting cycle) and the calculation of
EE in such situations is not developed.
We will eventually compare the strongly interacting
holographic model to the free Dirac model with periodic
boundary conditions at Lx = Ly and so not surprisingly
the geometry where the y-cycle contracts does not do a
good job due to this saturation. However it turns out that
the phase where the x-cycle contracts, which is not con-
tinuously connected to the phase showing the aforemen-
tioned gap, has an incredibly similar form to the Dirac
answer. We consider this case taking Ly ≥ L+x and return
to the other case later.
1. AdS soliton geometry with Ly ≥ Lx
According to the Ryu-Takayanagi conjecture,4 the EE
takes the very simple form:
S =
A
4GN
(2.4)
where A is the Area of the minimal surface ending on
the boundary where the QFT lives at ∂A and falling into
the bulk AdS-soliton geometry. There is by now ample
evidence for this formula67 and so we will take it as a
given.
The AdS soliton metric is given by:
ds2 =
1
z2
(
dz2
f
+ fdx2 + dy2 − dt2
)
(2.5)
where f = 1− (z/zh)3. This geometry looks like a cigar
in the (x, z) directions, where the tip is at z = zh and x is
the angular direction. To avoid the conical singularity at
the tip, we need to impose the constraint: x ∼ x+ 4pi3 zh.
Since x has the periodicity x ∼ x+ Lx, we require zh =
3
4piLx.
The minimal surface for the subregion A can be cal-
culated by assuming an ansatz which is translationally
invariant in the y direction and has profile: x(z).
A =
∫ √
Gdzdy =
∫
dzdy
[
1
f
+ f(x′)2
]1/2
1
z2
= 2Ly
∫ z?

dz
[
1
f
+ f(x′)2
]1/2
1
z2
= 2Ly
∫ z?

L(x, x′, z) (2.6)
5where x′ = dx/dz and G is the induced metric on the
co-dimension 2 surface (t = 0, x = x(z)).
The minimal area profile can be found using standard
Lagrangian mechanics: δL/δx = 0 from which the equa-
tion of motion is E = ∂L∂x′ = x
′f
[
1/f + f(x′)2
]−1/2
/z2.
This leads to
(x′)2 =
1
f2
E2
f/z4 − E2 (2.7)
We have defined the point z = z? such that x
′ =∞ which
will be the largest z obtained by the surface. z? satisfies
f?/z
4
? = E
2, where f? = 1− (z?/zh)3.
Integrating the above differential equation we can solve
for z? in terms of LA:
LA
2
=
∫ 0
−LA/2
dx =
∫ z?
0
E
f
(
1
f/z4 − E2
)1/2
dz
= z?
∫ 1
0
dζ
1
f
[
1
( ff? )(
1
ζ )
4 − 1
]1/2
=
Lx
2
u(χ) (2.8)
where ζ = z/z? and χ is related to the turning radius z?
of the minimal surface χ = (z?/zh)
3. The final form of u
is:
u(χ) =
3χ1/3(1− χ)1/2
2pi
∫ 1
0
dζζ2
(1− χζ3)
1√
P (χ, ζ)
(2.9)
where P (χ, ζ) = 1− χζ3 − (1− χ)ζ4.
By solving the above equation, we can obtain u =
LA/Lx for different values of χ.
The area of the minimal surface equals to
A = 2Ly
∫ z?

dz
1
z4
(
1
f/z4 − E2
)1/2
=
2Ly
z?
∫ 1
/z?
dζ
1
(f?)1/2ζ4
[
1
( ff? )
1
ζ4 − 1
]1/2
=
2Ly

+
8piLy
3Lx
j(χ) (2.10)
where we have separated out the linearly divergent term,
regulated by a cutoff close to boundary at z = . The first
term in A is the divergent area law and the second term is
the finite subleading correction which can be calculated
numerically using a parametric description for LA and j
in terms of 0 < χ < 1. The final form of j is:
j(χ) = χ−1/3
(∫ 1
0
dζ
ζ2
(
1√
P (χ, ζ)
− 1
)
− 1
)
(2.11)
When u is small, z? << zh and in this case, the metric
is the same as the metric for the usual AdS space and
the subleading term j(χ) is proportional to 1/u which
was first calculated in Ref. [4].
In order to compare with the Dirac model we should
normalize the coefficients in front of 1/u to be the same
in the two cases. This requires some explanation - we are
working in the classical gravity limit where GN → 0, so
for the results we quoted to hold the coefficient in front of
1/u will be very large. This is certainly not the case for
the Dirac model. In order to effectively compare these
results we should then take a large number of copies of
the Dirac model, with no interactions amongst each copy.
The EE for the Dirac model then scales accordingly and
in this way we can have a large 1/u coefficient to compare
to the holographic model.
For comparison to the QBT model, a better holo-
graphic dual model will have a different metric (related
to the z = 2 Lifshitz space-times introduced in68). It
is not hard to see that when u is small, it should have
the same scaling behavior as the Dirac model. We leave
comparison of the subheading terms in the z = 2 case to
future work.
2. AdS soliton geometry with Ly ≤ Lx
Similar expressions may be derived for the case where
Ly < Lx. In this case the situation is complicated by the
existence of a disconnected minimal surface that fills in
the contractible Ly cycle of the AdS-soliton. This causes
a saturation in the EE which we interpret as a gap for
the lower dimensional system after a low energy reduction
along the y direction. This saturation is related to the
phase transition in holographic EE studied in Ref. [69].
The appropriate scaling form is:
A− 2Ly

=
8pi
3
j˜
(
Lx
Ly
u
)
, 0 < u <
Ly
Lx
p (2.12)
= −8pi
3
,
Ly
Lx
p < u < 1− pLy
Lx
(2.13)
=
8pi
3
j˜
(
Lx
Ly
(1− u)
)
, 1− pLy
Lx
< u < 1
(2.14)
where p ≈ 0.19 is a fixed number determined by where
the saturation of EE occurs (the middle equation above).
The function j˜ is defined parametrically:
j˜(χ) = χ−1/3
(∫ 1
0
dζ
ζ2
(√
1− χζ3√
P (χ, ζ)
− 1
)
− 1
)
(2.15)
Lx
Ly
u =
3
2pi
χ1/3(1− χ)1/2
∫ 1
0
dζζ2√
1− χζ3
1√
P (χ, ζ)
(2.16)
For completeness we plot the full set of scaling forms
of j(χ) and j˜(χ) for different values of Lx/Ly in Fig. 2.
We also plot the complete scaling forms of J(u) with
different aspect ratio Lx/Ly in Fig. 3. The J(u) is de-
fined in Eq. (2.3).70 As shown in Fig. 3, the J(u) func-
tion has similar scaling behavior as the j(u) and j˜(u)
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FIG. 2. The subleading term for the minimal surface for var-
ious values of Lx/Ly. The solid curves are for j(u) when
Lx ≤ Ly and the dashed curves are for j˜(u) when Lx > Ly.
See text for details.
function. In the thin torus limit, J(u) also shows the
saturation behavior around u = 0.5.
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FIG. 3. −J(u) for various values of Lx/Ly. The solid curves
are for Lx ≤ Ly and the dashed curves are for Lx > Ly.
III. AREA LAW FOR QBT MODEL
The fermionic QBT model in 2 + 1-dimensions is a
free fermionic spinor model with a quadratic energy dis-
persion. The Hamiltonian of the model has a similar
structure as the Dirac fermion,
H =
∫
d2k
(2pi)2
Ψ†(k)
(
k2x − k2y −2ikxky
2ikxky −k2x + k2y
)
Ψ(k), (3.1)
with Ψ(k) =
(
ψ1(k) ψ2(k)
)T
. The energy spectrum
for this model is E(k) = ±(k2x + k2y). Different from
a Dirac model, any local four-fermion term is marginally
relevant,56 which means that even an infinitesimally weak
interaction leads to an instability of the free QBT point
to the spontaneous breaking of either time-reversal in-
variance or the point group symmetry of the lattice. The
QBT model, in this sense is a critical point56. In con-
trast, the Dirac model in 2 + 1 dimensions is a stable
fixed point since all local interactions are irrelevant at
low energies. For the QBT model, at the band touching
point k = (0, 0), there is a finite DOS. Since the origin of
the violation of area law for the EE in a Fermi liquid is
Fermi surface (which has a finite DOS), one might spec-
ulate that the QBT model may be a “Fermi liquid” of
sorts with the Fermi surface replaced by a Fermi point
and that it would also break the area law. To see if
there is any violation of the area law in the EE of the
QBT model, we first study the two-point equal-time cor-
relation function for the fermionic QBT model. For the
free fermion system, the entanglement entropy can be ob-
tained by calculating the two-point correlation function,
and hence the correlation function in the long distance
limit can give information about the EE at the thermo-
dynamic limit.
The Lagrangian density for the QBT model is
L = Ψ¯ [iγ0∂0 − i(∂21 − ∂22)γ1 + 2i∂1∂2γ2]Ψ. (3.2)
where γ0 = σ1, γ1 = γ0σ3 and γ2 = γ0σ2 and Ψ¯ = Ψ
†γ0.
To calculate the correlation function of the QBT
model, we first calculate the equal-time correlation func-
tion for the 2 + 1-dimensional QLM.36 The equal-time
two-point correlation function of the QLM has the
asymptotic behavior in |r| =
√
x2 + y2 → ∞ with |r|
as the spatial distance between the two points:
GQLM(r) =
1
4pi
log(|r|). (3.3)
From this, we obtain the two point correlation function
for the QBT model
GQBT(r) = ((∂
2
1 − ∂22)γ1 − 2∂1∂2γ2)GQLM(r)
= −2(x
2 − y2)γ1 − 4xyγ2
4pir4
. (3.4)
On the other hand, we can also calculate the corre-
lation function for the Dirac fermion from the bosonic
model. We calculate the equal-time correlation function
of the relativistic free massless scalar field. In the limit
r →∞:
G0(r) ∝ 1|r| . (3.5)
7Hence the two point correlation function for the Dirac
fermion at equal time is
GD(r) = (γi∂i)G0(r)
∝ −xγ1 + yγ2
r3
. (3.6)
For the QBT and Dirac models, we can see that the
two-point correlation functions have asymptotically iden-
tical behavior in the long distance limit |r| → ∞. This
implies that both the models will have the same scaling
behavior for the leading term of the EE when the sizes
of the subsystem is large enough compared to the UV
cutoff. Since the Dirac model obeys the area law,4 the
QBT model should also obey the area law and cannot
have more divergent terms in the EE than the area law
allows, in spite of having a finite DOS at zero energy.
Since the QBT model satisfies the area law, it is less
entangled than the Fermi liquid. On the other hand,
since the QBT model is a scale-invariant system with an
IR unstable fixed point we expect it to have long-range
entanglement in the form of scale-invariant contributions
to the EE, which can only enter in the form of an O(1)
finite subleading correction to the area law. However,
the correlation function argument itself cannot tell much
information about the structure of the subleading term.
To study the subleading term in EE for the QBT model
we will need an explicit expression. Unfortunately it is
not possible to write the EE as a closed analytic expres-
sion and we will use instead numerical methods to study
its scaling behavior.
IV. ENTANGLEMENT ENTROPY FOR DIRAC
AND QBT FERMIONS
The lattice model of the QBT model in momentum
space can be written as
HQBT =
∫
BZ
d2k
(2pi)2
Ψ†(k)HQBT(k)Ψ(k), (4.1)
where BZ stands for the first Brillouin zone, −pi <
kx ≤ pi and −pi < ky ≤ pi. Here Ψ†(k) is a two
component spinor fermionic creation operator Ψ†(k) =
(ψ†1(k), ψ
†
2(k)). The one-particle Hamiltonian HQBT(k)
has the form
HQBT(k) = h1(k)σ1 + h3(k)σ3, (4.2)
where σ1 and σ3 are the usual two Pauli matrices, and
h1(k) =− 4t cos(kx
2
) cos(
ky
2
),
h3(k) =− t′(cos(kx)− cos(ky)). (4.3)
The QBT point is at k = (pi, pi). Near the point, we
can expand HQBT and find the continuum Hamiltonian
Eq.(3.1). In the numerical calculation, we will set t =
t′ = 1.
Similarly, the lattice model for the Dirac fermion is a
tight-binding model of spinless fermions on the square
lattice with pi flux on each plaquette. The Hamiltonian
in momentum space is
HD =
∫
BZ
d2k
(2pi)2
Ψ†(k)HD(k)Ψ(k), (4.4)
where BZ stands for the first Brillouin zone, −pi < kx ≤
pi and −pi < ky ≤ pi. The one-particle lattice Dirac
Hamiltonian HD(k) takes the form
HD(k) = h1σ1 + h3σ3, (4.5)
with h1 = −2 cos(kx) and h3 = 2 cos(ky2 ). The Dirac
points are at (±pi2 , pi).
In the numerical calculation, we put these two models
on the torus as shown in Fig. 1 and calculate the two-
cylinder entropy when the lower band is fully filled. In
this geometry, the momentum ky parallel to the cut is al-
ways a good quantum number, thus the 2+1-dimensional
model can be considered as a set of 1 + 1-dimensional
chains with an effective mass depending on the value of
ky. Thus we calculate the total two dimensional EE as
the sum over the EE of the 1 + 1-dimensional chains
labelled by the momentum ky. Furthermore, we no-
tice the Re´nyi entropies Sn with different Re´nyi indices
n = 1, 2 . . . show similar behavior and we will only con-
sider the von Neumann entropy SvN later in this paper.
By analogy with the QLM34 , one might worry that there
may be a phase transition between n = 1 and n = 2, but
we find there is none in that the Re´nyi entropies Sn with
different Re´nyi indices n = 1, 2 . . . can be fitted with the
area law term supplemented by a single universal scaling
form for the subleading term.
We first check that both models satisfy the area law
numerically. To verify that the EE satisfies the area law,
we change the length of Ly but fix the aspect ratio Lx/Ly
to be a constant value. The numerical calculation for
both the models are shown in Fig. 4(a) and (b). For the
QBT and Dirac models, the von Neumann entropy and
Re´nyi Entropy with Re´nyi index n = 2 are all linearly
proportional to Ly, SE = αLy+γ. The coefficient in front
of Ly is invariant when we change the ratio u = LA/Lx.
This indicates that both models satisfy the area law.
We will compute the finite subleading term and con-
sider two different regimes for the aspect ratio Lx/Ly of
the torus: the thin torus limit Lx << Ly and the two
dimensional limit Lx ≈ Ly. In the thin torus limit, the
models are expected to behave effectively as the 1 + 1-
dimensional theory. For the Dirac model, the computa-
tion is sensitive to the boundary condition in the y direc-
tion (Fig. 1). For periodic boundary conditions, the zero
mode ky = 0 will contribute the logarithmic correction
1
3 logLA to the total EE,
11 while for anti-periodic bound-
ary conditions there is no zero mode and no such logarith-
mic correction. In contrast, the QBT model is insensitive
to the boundary condition. The zero mode ky = 0 con-
tributes nothing to the total EE (it contributes only finite
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FIG. 4. (a) The von Neumann entropy SvN and Re´nyi entropy
S2 for the QBT model as a function of L = Lx. Both the EEs
are linearly proportional to L when the aspect ratio Lx/Ly
and the ratio u = LA/Lx are fixed. u = 0.1 and two different
aspect ratios are considered. (b) The von Neumann entropy
SvN and Re´nyi entropy S2 for the Dirac model. The setup of
the bipartition geometry is the same as (a).
O((Ly)
0) = O(1) contribution to the total EE). This is
because in 1 + 1 dimensions the QBT model is not crit-
ical and is only short-ranged correlated. The two-point
equal-time correlation function of the 1 + 1 -dimensional
QBT model is a delta-function. In particular, this also
implies that here is no logarithmic subleading correction
for the 2 + 1-dimensional QBT model either. Thus, in
the thin torus limit with periodic boundary condition,
the Dirac model has a logarithmic subleading term cor-
rection while the QBT model does not. This result is
verified by the numerical calculations shown in Fig. 5.
The above thin torus limit argument for the subleading
term does not work in the two dimensional limit Lx ≈
Ly because of the complicated crossover behavior for the
1 + 1-dimensional massive Dirac fermion with mass ky ≈
L−1A , which becomes analytically intractable. Instead, we
directly calculate the subleading term numerically and fit
the data with possible candidates for subleading terms.
Since we are considering free fermion system, we will use
Peschel’s result to calculate the EEs.57
The numerical results in the two dimensional limit
show that the subleading term only depends on the as-
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FIG. 5. Left: The von Neumann entropy SvN for the QBT
model in the thin torus limit. Right: SvN for the Dirac model
in the thin torus limit with periodic boundary condition in y
direction. The coefficient is 0.666 since there are two Dirac
cone in the lattice model.
pect ratio of the torus Lx/Ly and on the ratio u =
LA/Lx.
51 For simplicity, we will fix Lx/Ly = 1 (a square
torus, and hence with modulus τ = i) and only study
the dependence of the subleading term on the aspect ra-
tio u. We test three possible scaling functions for the
subleading term defined in Sec.II,
SvN = αLy + βJ(u) (4.6)
SvN = αLy + βj(u) (4.7)
SvN = αLy + β log(sin(piu)) (4.8)
where J(u) in Eq.(4.6) is given by38
J(u) = log
(θ3(iλu)θ3(iλ(1− u))
η(2iu)η(2i(1− u))
)
, (4.9)
which is obtained from Eq. (2.2) by plugging τ = i
and truncating log( λ·η(i)
2
2θ3(λi)θ3(i/λ)
), which is an O(1) con-
stant. This scaling function was originally derived from
the QLM. However, it was also found unexpectedly to fit
well with the numerical results of the EE of the relativis-
tic scalar field theories.48,70 j(u) in Eq. (4.7) is derived
from the holographic calculation shown in Eq. (2.11), we
will only check it for the Dirac fermion model. We also
consider log(sin(piu)) as the possible subleading term be-
cause it is a natural extension of the thin torus limit.
As shown in Fig. 6 (c) and (d), when Ly = Lx is fixed,
for both the QBT and Dirac models, SvN is linearly re-
lated to J(u). For the Dirac model, SvN is also linearly
proportional to j(u) as shown in Fig. 6 (b). It is clearly
seen from Fig. 6 that the J(u) and j(u) fitting function
works much better than the quasi-1D formula log(sin(u)).
The log(sin(piu)) term which works well in the thin torus
limit for the Dirac model is not linearly proportional to
the numerical results in the two-dimensional limit (Fig. 6
(a)). For the J(u) function, there is an additional tun-
ing parameter λ. For the QBT model, λ decreases when
the Re´nyi index n increases, while for the Dirac model, λ
does not change when we increase the Re´nyi index, and
it is found to be equal to λ = 4.2. Currently, we do not
9have a physical understanding for the meaning of λ for
the fermionic models. In the case of the QLM, λ is the ex-
ponent of the two-point dimer correlation function8 and
thus is independent of the Re´nyi index n > 1.38
0 1 2 3 4
3 1 0
3 1 5
L = 3 0 0 ,  λ = 1 1 . 5
( d )( c )
 
T h e  Q B T  m o d e l
S vN
J ( u ) 0 2 4
3 6 0
3 6 5
L = 3 0 0 ,  λ = 4 . 2
T h e  D i r a c  m o d e l
 
 
S vN
J ( u )
- 2 - 1 0
3 1 2
3 1 6
T h e  Q B T  m o d e l
 
 
S vN
l o g ( s i n ( piu ) )
( a )
L = L x = L y = 3 0 0
5 6 0 5 8 0 6 0 0
3 6 0
3 6 4
3 6 8
L = L x = L y = 3 0 0
( b )
T h e  D i r a c  m o d e l
 
 
S vN
M i n i m a l  A r e a
FIG. 6. (a) SvN for the QBT model in the function of
log(sin(piu)). (b) SvN for the Dirac model in the function
of the minimal surface Eq. (2.10) for the AdS soliton geome-
try. (c) SvN for the QBT model in the function of J(u). (d)
SvN for the Dirac model in the function of J(u).
The complete results are shown in Fig. 7 and Fig. 8,
where the numerical calculations of SvN for both the
QBT and Dirac models fit with J(u) for the whole range
of the parameter u ∈ [0, 1] within the numerical devia-
tion 1% (deviation shown in the inset). Here we only
study SvN because the other Re´nyi entropies with differ-
ent Re´nyi indices show the similar behaviors. The only
difference between the QBT and Dirac models is that
for the QBT model, the fitting parameter λ for SvN is
λ = 11.5 and for the Dirac model, λ = 4.2, so that the
curve for the QBT model is more flat around u = 0.5
compared with the Dirac model (Fig. 7 and Fig. 8).
Furthermore, we notice that when u is small, J(u) is
linearly proportional to 1/u. Similarly when (Lx−LA)
Lx, J(u) is linearly proportional to 1/(1 − u). J(u) is
symmetric around u = 0.5. To illustrate this, we expand
J(u) for small u << 1, to obtain
J(u) ≈ pi
24
Ly
Lx
1
u
+ log
[√
2
λ
θ3(λτ)
η(2τ)
]
. (4.10)
The leading term in J(u) is linearly proportional to 1/u
and independent of λ. This result is consistent with the
numerical results and the holographic entropy derived
before. Indeed as we mentioned previously the coeffi-
cient of the 1/u term as u→ 0 is intrinsic to the critical
theory, and it is a rough analog of the central charge in
1 + 1-dimensional CFT. This statement can be further
0 . 0 0 . 5 1 . 0
3 6 0
3 6 5  n u m e r i c a l  d a t a α  L + β J ( u )  ( λ = 4 . 2 ) α  L + β l o g ( s i n ( piu )A d S  r e s u l t s
T h e  D i r a c  m o d e l  
 
S vN
u
0 . 0 0 . 5 1 . 00 . 0
0 . 2  J ( u ) A d S
Dev
iatio
n
u
FIG. 7. SvN for the Dirac model as a function of u with
L = Lx = Ly = 300. The red curve is the fitting function
with the form SvN = αL + βJ(u). The numerical data is
in black curve. The blue curve is the holographic entropy.
(The black and blue curves are hard to see in the figure since
they are almost overlapping with the blue curve) The inset is
the absolute deviation for SvN = αL + βJ(u) (black curve)
and the holographic entropy (red curve) with the numerical
data. In both cases, the deviation is less than 1% for the
whole region, but the holographic result appears to be the
most accurate. The green curve is the fitting function with
the form SvN = αL+ β log(sin(piu)).
supported from the AdS/CFT calculation, where the co-
efficient only depends on the Newton constant GN (see
Eq. (2.4)). For the lattice Dirac model (which has two
species of massless Dirac fermions), the numerical data
shows that the coefficient of the 1/u is −0.3006, while
for the QBT model, the coefficient is −0.3735. See Refs.
[71 and 72] for related studies of this quantity and how it
flows under the RG. We use this coefficient to normalize
the overall numerical coefficients β of the different scaling
functions we compare.
V. CONCLUSION AND COMMENTS
The properties of a many-body state can be classified
according to the scaling behavior of its EE. The critical
system in 2 + 1 dimensions is long-range entangled com-
pared with the gapped system. Our results show that
this difference can be detected in the subleading term in
the two-cylinder EE, which includes both the von Neu-
mann entropy and Re´nyi entropies. We calculate EEs
of both the Dirac and quadratic band touching models
numerically on the torus. We notice that the sublead-
ing term is linearly proportional to 1/u when the ratio
u is small. We speculate that the coefficient in front
of 1/u in the subleading term measures the number of
the low-energy degrees of freedom of the system. Fur-
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FIG. 8. SvN for the QBT model as a function of u. The
bipartition geometry is the same as the Dirac model. The
inset is the absolute deviation for the fitting function SvN =
αL + βJ(u) with numerical data. The deviation is less than
1% for the whole region of u.
ther calculations in other models are necessary to pin
down the physical meaning of this coefficient. For the
whole region 0 < u < 1, we use the subleading term for
the QLM and find it fit well with both the QBT model
and the Dirac model within a small numeric deviation
< 1%, even though these theories have different dynami-
cal exponents, different DOS at low energies, and differ-
ent behavior when the local four-fermion interactions are
considered. We demonstrated that this similarity might
come from the similar scaling behaviors between the two-
point correlation functions at equal time for both the
models. We also calculated the subleading term of the
strongly-coupled models via the holographic AdS/CFT
correspondence and find it consistent with the numerical
results for the Dirac model.
Based on our calculation on the fermionic critical mod-
els, holographic calculations and previous works on the
bosonic critical models in 2+1 dimensions, there is strong
evidence that the scaling form of the subleading term of
EEs takes a robust form across a wide variety of 2 + 1-
dimensional critical systems on the torus geometry. It
will be particularly interesting to test the holographic
EE scaling we found here against other critical theories
such as the quantum Ising model in 2 + 1 dimensions.
Note: Upon finishing this manuscript, we noticed a
recent work by A. C. Potter which, among other topics,
discusses the validity of the area law for EE in the QBT
model based on the argument relating particle number
fluctuations and EEs.73
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